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Abstract
Let B be an ideal of subsets of a metric space 〈X,d〉. This paper considers a strengthening of the notion of uniform continuity of
a function restricted to members of B which reduces to ordinary continuity when B consists of the finite subsets of X and agrees
with uniform continuity on members of B when B is either the power set of X or the family of compact subsets of X. The paper
also presents new function space topologies that are well suited to this strengthening. As a consequence of the general theory, we
display necessary and sufficient conditions for continuity of the pointwise limit of a net of continuous functions.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let C(X,Y ) be the continuous functions from X to Y . If f ∈ C(X,Y )
and K is a compact subset of X, then f |K is uniformly continuous. But the standard proof shows something more
is true: ∀ε > 0 ∃δ > 0 such that if d(x,w) < δ and {x,w} ∩ K 	= ∅, then ρ(f (x), f (w)) < ε. To see this, suppose
to the contrary that ∀n ∈ N ∃xn,wn such that d(xn,wn) < 1n , {xn,wn} ∩ K 	= ∅ but ρ(f (xn), f (wn))  ε. Without
loss of generality, we may assume each xn lies in K , and by compactness 〈xn〉 has a cluster point p ∈ K . But p is
also a cluster point of 〈wn〉 and so continuity of f at p fails. We record this stronger type of uniform continuity in
a definition.
Definition 1.1. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a subset of X. We say that a function f :X → Y
is strongly uniformly continuous on B if ∀ε > 0 ∃δ > 0 such that if d(x,w) < δ and {x,w} ∩ B 	= ∅, then
ρ(f (x), f (w)) < ε.
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this definition as described in the next obvious proposition.
Proposition 1.2. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let f :X → Y . Then f is continuous at x if and only if f
is strongly uniformly continuous on {x}.
Thus, continuity is derivative of strong uniform continuity as we have defined it. Recently, this has been used to
characterize equivalence of bornological convergences [11, Theorem 3.13] as introduced in [25], a general notion of
set convergence that subsumes convergence in Hausdorff distance [7,23,27], Attouch–Wets convergence [4,6,7,27],
and when restricted to the closed subsets of the space, convergence with respect to the Fell topology [7, Theorem 5.1.6]
(see [9] for an anticipatory result).
The purpose of this note is to study this pregnant concept. First, we characterize strong uniform continuity of f on
a set B in terms of (1) nearness, (2) oscillation, and (3) continuity of the associated direct image map. When f is an
arbitrary function from 〈X,d〉 to 〈Y,ρ〉,
{B ⊆ X: f is strongly uniformly continuous on B}
is a Gδ-subset of the set of all nonempty subsets P0(X) of X equipped with the Hausdorff pseudo-metric topology.
This of course mirrors a standard result about points of continuity of an ordinary function, and fails if strong uniform
continuity is replaced by ordinary uniform continuity. While the family of sets on which a continuous function f is
uniformly continuous need not be closed under finite unions, we show that the family of sets on which f is strongly
uniformly continuous forms a bornology with closed base, and show that when 〈X,d〉 is a complete metric space, the
two families coincide if and only if f is globally uniformly continuous. A key construct in our analysis is the class of
functions that preserve totally bounded sets, introduced in [10].
Given a bornology B with closed base on X, we present a new uniformizable topology on the set of all functions YX
from X to Y that preserves strong uniform continuity on B. This topology is in general finer than the classical topology
of uniform convergence on B, but reduces to it on the class of functions that are strongly uniformly continuous on B.
In particular, when B is the bornology of finite subsets, we get a topology on YX with respect to which the continuous
functions are closed that nevertheless reduces to the topology of pointwise convergence when restricted to continuous
functions. Finally, we express convergence in both senses to a strongly uniformly continuous limit in terms of upper
bornological convergence of graphs as studied in [25] and in terms of gap functionals.
A key idea in our analysis is a notion of oscillation for a function f on a set C that reduces to ordinary oscillation
when C is a singleton.
2. Preliminaries
All metric spaces are assumed to contain at least two points. We denote the closure, set of limit points and interior
of a subset A of a metric space 〈X,d〉 by cl(A), A′ and int(A), respectively. We denote the power set of A by P(A)
and the nonempty subsets of A by P0(A). If 〈Y,ρ〉 is a second metric space, we again denote by YX the set of all
functions from X to Y which is (except when each point of X is isolated or Y is a singleton) properly larger than
C(X,Y ), the continuous functions from X to Y . For f ∈ YX , we write G(f ) for its graph in X × Y . The box metric
d × ρ will be our standard metric for the product
(d × ρ)((x1, y1), (x2, y2)) := max{d(x1, x2), ρ(y1, y2)}.
If x0 ∈ X and ε > 0, we write Sε(x0) for the open ε-ball with center x0. If A is a nonempty subset of X, we write
d(x0,A) for the distance from x0 to A, and if A = ∅ we agree that d(x0,A) = ∞. With d(x,A) now defined, we
denote the ε-enlargement of A by Aε , i.e.,
Aε = {x: d(x,A) < ε}= ⋃
x∈A
Sε(x).
We can define the Hausdorff distance between two nonempty subsets A and B in terms of enlargements
Hd(A,B) = inf
{
ε > 0: A ⊆ Bε and B ⊆ Aε}.
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nonempty bounded sets is finite valued, and which when restricted to the nonempty closed subsets C0(X) is an ex-
tended real-valued metric. Further, x → {x} is an isometry of X into P0(X) [7,23].
If A and B are nonempty subsets of X, we define the gap between them by the formula Dd(A,B) =
inf{d(a, b): a ∈ A, b ∈ B}. The sets A and B are called near provided Dd(A,B) = 0; the relation of nearness
so defined is called the metric proximity determined by d . Notice that the empty set fails to be near any set.
A result that we will employ in the sequel with respect to nearness is the Efremovic Lemma [7,29]: Suppose
〈xn〉 and 〈wn〉 are sequences such that ∀n ∈ N, d(xn, yn) > ε. Then there is an infinite subset N1 of N such that
{n.k} ⊆N1 ⇒ d(xn,wk) ε4 . In particular, {xn: n ∈N1} and {wn: n ∈ N1} are not near.
Let B be a hereditary family of nonempty subsets of 〈X,d〉, that is, a family closed under taking nonempty subsets.
By a base B0 for B, we mean a subfamily of B that is cofinal with respect to inclusion: ∀B ∈ B ∃B0 ∈ B0 with B ⊆ B0.
For example, a countable base for the d-bounded sets consists of all open balls with a fixed center and integral radius.
A base is called closed if each of its members is a closed subset of X. A hereditary family is called an ideal if it is
closed under finite unions. For example, the nowhere dense subsets of X form an ideal of X with closed base. An
ideal is called a bornology if it forms a cover of X [8,10,21,25]. The smallest bornology on X is the family of finite
subsets F of X and the largest is P0(X). Other bornologies of particular importance are these:
(1) the family of nonempty d-bounded subsets;
(2) the family of nonempty d-totally bounded subsets;
(3) the family K of nonempty subsets of X with compact closure (which coincides with the nonempty totally bounded
sets when d is a complete metric);
(4) the family of functionally bounded subsets of X with respect to a function f : 〈X,d〉 → 〈Y,ρ〉.
A hereditary family of subsets B is called stable under small enlargements [11] if ∀B ∈ B, there exists ε > 0 such
that Bε ∈ B. For example, the d-bounded sets are always stable under small enlargements; the finite subsets are stable
under small enlargements if and only if all points of X are isolated; the sets with compact closure are stable under
small enlargements if and only if X is locally compact. When B is a cover, a weaker condition is that the family be
local [15,22]: B contains as a member a neighborhood of each x ∈ X, or equivalently, B has as a subfamily some
open cover of X. For a continuous function, the bornology of functionally bounded sets is local, but in general is not
stable under small enlargements.
If B is family of nonempty subsets of X, a function f : 〈X,d〉 → 〈Y,ρ〉 is called uniformly continuous (respectively
strongly uniformly continuous) on B if for each B ∈ B, f |B is uniformly continuous (respectively f is strongly
uniformly continuous on B). Looking at the bornology F of finite sets, we see that strong uniform continuity on F,
i.e., global continuity, is a stronger requirement than uniform continuity on F, which amounts to no requirement at
all.
We now write for f ∈ YX ,
Bf := {E: f |E is uniformly continuous},
Bf := {E: f is strongly uniformly continuous on E}.
The following facts are obvious:
(i) Bf ⊆Bf ;
(ii) Bf and Bf are both hereditary families;
(iii) F ⊆Bf so that Bf is a cover of X.
Further Bf has a closed base provided f is continuous. Note also that if for some δ > 0, we have Eδ ∈ Bf , then
E ∈Bf , and E ∈ Bf if and only if cl(E) ∈ Bf . We now give an example to show noncoincidence of Bf with Bf for
a continuous function that one might encounter in a calculus course.
Example 2.1. On R2 consider this bornology with closed base:
B= {E: E is contained in a finite union of vertical lines}.
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continuous with constant x. As a result, its restriction to any finite union of vertical lines is uniformly continuous, and
so f is uniformly continuous on B. But f is not strongly uniformly continuous on B, for if we look at the vertical
line {(x, y): x = 17} and δ > 0 is arbitrary, then provided y > 1
δ
we have
f (17 + δ, y)− f (17, y) = (17 + δ)2 − 172 + yδ > 1.
Even if f is continuous, the union of two sets on which f is uniformly continuous might not be another such set.
As such Bf may fail to be a bornology.
Example 2.2. On R2 let A = {(x, y): y  ex} and let B = {(x, y): y = 0}. As both sets are closed, by the Tietze
extension theorem, there is a continuous real function f on the plane with f (A) = {0} and f (B) = {1}. Both f |A and
f |B are uniformly continuous while f |(A∪B) is not.
3. Basic results
Let f : 〈X,d〉 → 〈Y,ρ〉 and let A be a nonempty subset of 〈X,d〉. Our first result gives various characterizations
of strong uniform continuity of f on A. One of these will be given in terms of oscillation. For each n ∈ N, define
ωn(f, ·) :X → [0,∞] by ωn(f, x) = diamρ f (S 1
n
(x)). Note ∀n, ωn(f, ·)  ωn+1(f, ·). In terms of this sequence of
functions, the oscillation function ω(f, ·) for f is defined by ω(f,x) = limn→∞ ωn(f, x) [31, p. 177]. Of course,
ω(f, ·) is upper semicontinuous on X and f is continuous at x if and only if ω(f,x) = 0. To see that lower semicon-
tinuity can fail, consider f (x) = sin( 1
x
) if x 	= 0 and f (0) = 0. For fixed x ∈ X, both upper and lower semicontinuity
of ω(·, x) can fail with respect to the topology of pointwise convergence on YX , whereas we get continuity with
respect to the topology of uniform convergence (see more precisely Theorem 6.9 and Example 6.12 infra).
Theorem 3.1. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let f ∈ YX . The following conditions are equivalent for a
nonempty subset A of X:
(1) A ∈ Bf ;
(2) ∀ε > 0 ∃δ > 0 such that whenever {x1, x2} ⊆ Aδ and d(x1, x2) < δ then ρ(f (x1), f (x2)) < ε;
(3) 〈ωn(f, ·)〉 converges uniformly to 0 on A;
(4) whenever B ∈ P0(A), and Dd(B,C) = 0, then Dρ(f (B),f (C)) = 0.
Proof. (1) ⇒ (2). Suppose A ∈ Bf and ε > 0. Choose λ > 0 such that if a ∈ A and d(x, a) < λ, then ρ(f (x), f (a)) <
ε/3. Now set δ = λ3 , and suppose {x1, x2} ⊆ Aδ with d(x1, x2) < δ. We can find {a1, a2} ⊆ A such that d(ai, xi) < δ
(i = 1,2). Then d(a1, a2) < λ, and it follows from the triangle inequality that ρ(f (x1), f (x2)) < .
(2) ⇒ (3). Condition (2) says that f |A is uniformly continuous, and so ∀a ∈ A,ω(f, a) = 0. Thus, we at least
have pointwise convergence to 0 on A. Let ε > 0 and choose by (2) δ > 0 such that whenever {x1, x2} ⊆ Aδ and
d(x1, x2) < δ then ρ(f (x1), f (x2)) < ε2 . Now choose n ∈N with 2n < δ and let a ∈ A be arbitrary. By construction, if{x1, x2} ⊆ S 1
n
(a), then ρ(f (x1), f (x2)) < ε2 which means that ωn(f, a)
ε
2 < ε, as required.
(3) ⇒ (4). Let B be a nonempty subset of A and suppose C ⊆ X satisfies Dd(B,C) = 0. Let ε > 0 and choose
by condition (3) n ∈ N such that sup{ωn(f, a): a ∈ A} < ε. Pick b ∈ B and c ∈ C such that d(b, c) < 1n . Since
ωn(f, b) < ε, we obtain
Dρ
(
f (B),f (C)
)
 ρ
(
f (b), f (c)
)
< ε
and it follows that Dρ(f (B),f (C)) = 0 as required.
(4) ⇒ (1). Suppose condition (1) fails. Then for some positive ε we can pick for each n, an ∈ A and xn ∈ X
with d(an, xn) < 1n yet ρ(f (an), f (xn)) > ε. Choose by the Efremovic Lemma an infinite subset N1 of N such
that {f (an): n ∈ N1} and {f (xn): n ∈ N1} are not ρ-near. Then condition (4) fails with B = {an: n ∈ N1} and
C = {xn: n ∈N1}. 
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Efremovic. Note that uniform convergence of 〈ωn(f, ·)〉 to ω(f, ·) does not even guarantee continuity of f (consider
the Dirichlet function).
Corollary 3.2. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let f ∈ YX . The following conditions are equivalent:
(1) f is uniformly continuous;
(2) 〈ωn(f ; ·)〉 converges uniformly to 0 on X;
(3) f preserves nearness: whenever A,B are subsets of X, then Dd(A,B) = 0 ⇒ Dρ(f (A),f (B)) = 0.
A function between general proximity spaces that preserves nearness is called a proximity map in the literature. All
proximity maps are continuous, and in the context of uniform spaces, all uniformly continuous functions are proximity
maps (relative to the natural proximities determined by the uniformities) [31, p. 268].
We next characterize strong uniform continuity of a function in terms of the direct image map induced by the
function. Given f : 〈X,d〉 → 〈Y,ρ〉, the associated direct image map fˆ :P0(X) → P0(Y ) is defined by fˆ (A) =
{f (a): a ∈ A}.
Theorem 3.3. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let f ∈ YX . The following conditions are equivalent for a
nonempty subset A of X:
(1) A ∈ Bf ;
(2) fˆ : 〈P0(X),Hd〉 → 〈P0(Y ),Hρ〉 is strongly uniformly continuous on P0(A);
(3) fˆ : 〈P0(X),Hd〉 → 〈P0(Y ),Hρ〉 is continuous at each member of P0(A).
Proof. Since (2) ⇒ (3) is trivial, we need only prove (1) ⇒ (2) and (3) ⇒ (1).
(1) ⇒ (2). Let ε > 0 be arbitrary and choose δ > 0 such that whenever a ∈ A and d(x, a) < δ, then
ρ(f (x), f (a)) < ε. Now suppose A0 ∈ P0(A) and C ∈ P0(X) with Hd(A0,C) < δ. Let c ∈ C be arbitrary; ∃a ∈ A0
with d(a, c) < δ and so ρ(f (a), f (c)) < ε. This shows that f (C) ⊆ f (A0)ε and similarly f (A0) ⊆ f (C)ε . Together,
these give Hρ(fˆ (C), fˆ (A0)) ε.
(3) ⇒ (1). Suppose strong uniform continuity of f on A fails. By Theorem 3.1 there exists a nonempty subset B
of A and C ⊆ X such that B and C are d-near yet Dρ(f (B),f (C)) > 0. For each n ∈ N there exists cn ∈ C with
d(cn,B) <
1
n
. While Hd(B,B ∪ {cn}) = d(cn,B) < 1n , we have
Hρ
(
fˆ (B), fˆ
(
B ∪ {cn}
))= ρ(f (cn), f (B))Dρ(f (B),f (C))
and so continuity of fˆ at B fails. 
Note that the direct image map induced by the identity map on a metric space is itself an identity map (for a
hyperspace). Thus, as an immediate corollary to Theorem 3.3, we get a notable result for hyperspaces, which gives
conditions on two compatible metrics that ensure that the Hausdorff pseudometric topology for one restricted to
an ideal S is stronger than the Hausdorff pseudometric topology for the other so restricted. Note that the corollary
subsumes [7, Theorem 3.3.2].
Corollary 3.4. Let S be an ideal in a metrizable topological space X. Suppose d and ρ are two compatible metrics.
The following conditions are equivalent:
(1) the identity map id : 〈X,d〉 → 〈X,ρ〉 is strongly uniformly continuous on S;
(2) id : 〈P0(X),Hd〉 → 〈P0(X),Hρ〉 is continuous at each element of S.
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image map fˆ at A ∈ P0(X) alone does not even guarantee continuity of f at each point of A. To see this, consider
f :R→ [0,∞) defined by
f (x) =
{ |x| if x 	= 0,
1 if x = 0,
where A = [−1,1].
We close this section by listing some permanence properties of strong uniform continuity. The proofs are routine
and are left to the reader.
Proposition 3.5. Let f : 〈X,d〉 → 〈Y,ρ〉, and let g : 〈Y,ρ〉 → 〈W,γ 〉. Suppose f is strongly uniformly continuous on
A ∈ P0(X) and g is strongly uniformly continuous on f (A). Then g ◦ f is strongly uniformly continuous on A.
Corollary 3.6. Let f : 〈X,d〉 → 〈Y,ρ〉, and let g : 〈Y,ρ〉 → 〈W,γ 〉 be a uniformly continuous function. Then
Bf ⊆Bg◦f .
The next two corollaries speak to the preservation of strong uniform continuity under certain remetrizations of the
type studied in [11].
Corollary 3.7. Let f : 〈X,d〉 → 〈Y,ρ〉, and let d1 be a metric equivalent to d such that the identity map id : 〈X,d1〉 →
〈X,d〉 is strongly uniformly continuous on Bf . Then if g : 〈X,d1〉 → 〈Y,ρ〉 is defined by g(x) = f (x), then Bf ⊆Bg .
Corollary 3.8. Let f : 〈X,d〉 → 〈Y,ρ〉, and let ρ1 be a metric equivalent to ρ such that the identity map id : 〈Y,ρ〉 →
〈Y,ρ1〉 is strongly uniformly continuous on {f (B): B ∈ Bf }. Then if h : 〈X,d〉 → 〈Y,ρ1〉 is defined by h(x) = f (x),
then Bf ⊆Bh.
Proposition 3.9. Let f,g be real functions on 〈X,d〉 both strongly uniformly continuous on A ∈ P0(X). Let α be a
real number. Then each of the following functions is strongly uniformly continuous on A: f +g, f −g, αf , |f |, f ∨g,
and f ∧ g. Further if f,g are both bounded when restricted to A, then fg is strongly uniformly continuous on A.
We remark that the proof of the last statement in Proposition 3.9 uses the fact that if f is strongly uniformly
continuous on A ∈ P0(X) and f is bounded on A, then f is bounded on some enlargement of A.
Proposition 3.10. Let f : 〈X,d〉 → 〈Y,ρ〉, and let g : 〈X,d〉 → 〈W,γ 〉. Then h :X → Y × W defined by h(x) =
(f (x), g(x)) is strongly uniformly continuous on A ∈ P0(X) if and only if both f and g are strongly uniformly
continuous on A.
We note that necessity in the proof of Proposition 3.10 is immediate from Corollary 3.6. In Proposition 3.10 the
box metric is understood for Y × W , but by Corollary 3.8 the statement remains valid if we employ any of the other
standard uniformly equivalent metrics on the product.
4. On the structure ofBf
Proposition 4.1. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let f ∈ YX . Then Bf is an ideal with closed base.
Proof. Evidently, the family is hereditary. If B1 ∈Bf and B2 ∈Bf and ε > 0, choose δi > 0 such that if d(x,w) < δi
and {x,w} ∩ Bi 	= ∅, then ρ(f (x), f (w)) < ε (i = 1,2). Then with δ = min{δ1, δ2} if d(x,w) < δ and {x,w} ∩
(B1 ∪ B2) 	= ∅, then ρ(f (x), f (w)) < ε. Finally to see that B ∈ Bf ⇒ cl(B) ∈ Bf , let ε > 0 and choose δ > 0
such that if d(x, b) < δ and b ∈ B , then ρ(f (x), f (w)) < ε/2. Suppose d(x,w) < δ where w ∈ cl(B). Since w lies
in each enlargement of B , we can find b ∈ B with d(w,b) < δ − d(x,w) and ρ(f (w),f (b)) < ε2 . It follows that
ρ(f (x), f (w)) < ε as required. 
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(1) f ∈ C(X,Y );
(2) Bf is a bornology;
(3) K⊆Bf ;
(4) K⊆Bf .
Proof. The equivalence of (1) and (2) follows immediately from Propositions 1.2 and 4.1. The implication (1) ⇒ (3)
is argued in the opening paragraph of the paper, and (3) ⇒ (4) is a consequence of Bf ⊆ Bf . If (4) holds and 〈xn〉 is
an arbitrary sequence in X convergent to some p ∈ X, then f is uniformly continuous restricted to {p,x1, x2, x3, . . .}
and in particular limn→∞ f (xn) = f (p). Thus, condition (1) follows from condition (4). 
As is well known, if 〈X,d〉 and 〈Y,ρ〉 are metric spaces and f ∈ YX , then the set of points of continuity of f forms
a Gδ-set. Our immediate goal is to give an analogous result for Bf with respect to the usual pseudometric topology
with which we endow P0(X). For this purpose, we extend the definition of function oscillation from points to sets.
For f ∈ YX , C ∈ P0(X), and n ∈N, put
Ωn(f,C) := sup
{
ρ
(
f (x), f (w)
)
: {x,w} ⊆ C 1n and d(x,w) < 1
n
}
.
Note that ∀n, Ωn+1(f,C)Ωn(f,C). From this, we define the oscillation of f at C by
Ω(f,C) := inf
n
Ωn(f,C) = lim
n→∞Ωn(f,C).
Since ∀n ∈N ∀x ∈ X,
ω2n(f, x)Ωn
(
f, {x}) ωn(f, x),
we get exactly what we want: Ω(f, {x}) = ω(f,x).
For the record, we list some basic properties of Ω(f, ·) as applied to nonempty subsets of X:
(i) Ω(f,C) = Ω(f, cl(C));
(ii) A ⊆ C ⇒ Ω(f,A)Ω(f,C);
(iii) Ω(f,A∪C) = max{Ω(f,A),Ω(f,C)} because Ω2n(f,A∪C)max{Ωn(f,A),Ωn(f,C)};
(iv) Ω(f,X) = 0 if and only if f is globally uniformly continuous;
(v) Dd(A,B) = 0 ⇒ Dρ(f (A),f (B))min{Ω(f,A),Ω(f,B)}.
Theorem 4.3. Suppose 〈X,d〉 and 〈Y,ρ〉 are metric spaces and f ∈ YX . Then
(i) C ∈ Bf if and only if Ω(f,C) = 0 (C ∈ P0(X));
(ii) Ω(f, ·) is upper semicontinuous on P0(X);
(iii) Bf is a Gδ-subset of 〈P0(X),Hd〉.
Proof. Statement (i) follows immediately from the equivalence of conditions (1) and (2) in Theorem 3.1. For (ii),
fix C ∈ P0(X). If Ω(f,C) = ∞, then Ω(f, ·) is u.s.c. at C. Otherwise let α > Ω(f,C) and choose n ∈ N with
Ωn(f,C) < α. Then if Hd(C,A) < 12n , we easily compute
Ω(f,A)Ω2n(f,A)Ωn(f,C) < α.
Since by (i)
Bf =
∞⋂
n=1
{
C ∈ P0(X): Ω(f,C) < 1
n
}
,
statement (iii) now follows from (ii). 
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a function f is globally continuous if and only if it has oscillation zero on each compact set.
Theorem 4.3 of course leads to this question: is Bf always a Gδ subset of 〈P0(X),Hd〉? Our next example shows
that this need not occur, giving further support for strong uniform continuity as an alternative to uniform continuity.
Example 4.4. Let d be the Euclidean metric on [0,1] and let ρ be the discrete 0–1 metric. We produce a func-
tion f from 〈[0,1], d〉 to 〈[0,1], ρ〉 for which Bf is not a Gδ subset of 〈P0([0,1]),Hd〉. The identity function
f = id[0,1] does the job. We first note that Bf = F, for if E ⊆ [0,1] is infinite, then ∀δ > 0 ∃{x,w} ⊆ E with
0 < d(x,w) < δ and of course ρ(f (x), f (w)) = 1. We claim that F is not a Gδ subset of 〈P0([0,1]),Hd〉. If it were,
then F would be a Gδ subset of the compact metric space 〈C0([0,1]),Hd〉 [7, Theorem 3.2.4]. Now ∀n ∈ N, let
Fn := {F ∈ F: F contains at most n points}. Evidently each Fn is a closed nowhere dense set in the hyperspace, and
so F =⋃∞n=1 Fn is a dense meager subset of 〈C0([0,1]),Hd〉. By Baire’s Theorem, F cannot be a Gδ subset.
Since Bf is always a cover and Bf is always an ideal, an obvious necessary condition for equality is that they both
be bornologies. In view of Theorem 4.2, global continuity of f is thus also necessary for equality. As we noted earlier,
the larger family Bf of sets on which f is uniformly continuous is a bornology if and only if it is closed under finite
unions. Even if this is all so, equality still need not occur.
Example 4.5. Consider X = { 1
n
: n ∈N} as a subspace of R with the usual metric and define f ∈ C(X,R) by
f
(
1
n
)
=
{
n if n is odd,
0 if n is even.
It is easy to check that Bf = F while Bf consists of all subsets of X containing at most finitely many 1n where n is
odd. Thus, without some additional condition, coincidence of Bf and Bf can fail, even if both are bornologies.
An obvious sufficient condition for equality of Bf and Bf is that Bf be stable under small enlargements. But this
is far from necessary as our next example shows.
Example 4.6. Let ∞ be the Banach space of bounded real sequences, where as usual
en(j) =
{
1 if n = j,
0 otherwise.
Let X be { 1
j
: j ∈ N} × N equipped with the Euclidean metric d of R2. Notice that each point of X is an isolated
point so that each function on X is continuous. Now define f :X → ∞ by f ( 1j , n) = 1nej . Now if j 	= k, we have
‖ 1
n
ej − 1nek‖∞ = 1n so that f restricted to any infinite subset of { 1j : j ∈ N} × {n} fails to be uniformly continuous.
Thus
Bf =
{
E ⊆ X: ∀n ∈N, E ∩
({
1
j
: j ∈ N
}
× {n}
)
is finite
}
.
As
⋃∞
n=1({ 1j : j  n} × {n}) ∈ Bf , we see that Bf is not stable under small enlargements. It remains to show that
Bf ⊆Bf .
To this end let B ∈ Bf and ε > 0 be arbitrary, and choose n0 so large that 1n0 < ε. Now choose δ ∈ (0,1) such
that whenever ( 1
j
, n) ∈ B with n < n0 then Sδ(( 1j , n)) = {( 1j , n)}. Since δ < 1, if {x,w} ⊆ Bδ and d(x,w) < δ then
‖(f (x)− f (w))‖∞ < ε as required.
We now leave pathology and return to positive results. We will call on the following folk theorem whose easy proof
is left to the reader.
Lemma 4.7. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let f ∈ C(X,Y ). Suppose 〈xn〉 and 〈wn〉 are sequences in X
such that for some ε > 0 and each n ∈ N we have both d(xn,wn) < 1n and ρ(f (xn), f (wn)) ε. Then subsequences
can be found such that xn1,wn1 , xn2,wn2 , . . . has distinct terms.
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sequences. Evidently, each such function is continuous. It is well known [5,24] that each Cauchy map is uniformly
continuous if and only if the completion of 〈X,d〉 is a UC-space, i.e., a space on which each continuous function is
uniformly continuous. Since the completion of a space that is the range of a Cauchy sequence consists of the terms of
the sequence plus the point to which it converges and is thus compact, we have
Lemma 4.8. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let f ∈ YX . Suppose 〈xn〉 is a Cauchy sequence in X with
distinct terms. Then f restricted to {xn: n ∈ N} is uniformly continuous if and only if 〈f (xn)〉 is a Cauchy sequence
in Y .
Our next result of this section involves a larger class of functions, namely the class of functions f that map totally
bounded sets to totally bounded sets, equivalently, those functions that map Cauchy sequences to sequences having
a Cauchy subsequence [10, Proposition 5.7(1)]. Such functions obviously need not be continuous, e.g., the Dirichlet
function lives in this class. A continuous function that preserves totally bounded sets that is not a Cauchy map is
f ( 1
n
) = (−1)n defined on { 1
n
: n ∈N}.
Theorem 4.9. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces. Then f ∈ YX preserves totally bounded sets if and only if each
sequence in X contains a subsequence on which f is uniformly continuous.
Proof. Suppose f preserves totally bounded sets and let 〈xn〉 be a sequence in X. We consider two cases:
(1) {xn: n ∈ N} is not totally bounded, and (2) {xn: n ∈ N} is totally bounded. In case (1) there exists an infinite
subset N0 of N such that A = {xn: n ∈ N0} is uniformly discrete. Trivially, f restricted to A is uniformly continu-
ous. In case (2) without loss of generality we may assume the sequence is a Cauchy sequence, and since a Cauchy
sequence is mapped into a sequence having a Cauchy subsequence, there exists an infinite subset N1 of N such that
{f (xn): n ∈ N1} is a Cauchy sequence in Y . By Lemma 4.8, f restricted to {xn: n ∈ N1} is uniformly continuous.
The converse follows immediately from Lemma 4.8 and the sequential characterization of maps preserving totally
bounded sets of [10]. 
It is well known that a metric space is complete if and only if each continuous function defined on it is a Cauchy
map [17,30]. More precisely, we have
Proposition 4.10. Let 〈X,d〉 be a metric space. The following conditions are equivalent:
(1) 〈X,d〉 is a complete metric space;
(2) each continuous function on X is a Cauchy map;
(3) each continuous function on X preserves totally bounded sets.
Proof. (1) ⇒ (2) is obvious as Cauchy sequences in complete metric spaces are convergent, and (2) ⇒ (3) follows
from [10, Proposition 5.7(1)]. If condition (1) fails, let 〈xn〉 be a Cauchy sequence in X with distinct terms and no
cluster point, and by the Tietze extension theorem let f ∈ C(X,R) satisfy f (xn) = n (n ∈ N). Then the image of the
totally bounded set {xn: n ∈ N} under f fails to be totally bounded, and so condition (3) fails. 
The next result characterizes Cauchy maps in terms of a family on which they must be strongly uniformly contin-
uous. It subsumes Proposition 5.7(2) of [10].
Proposition 4.11. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces, and let f :X → Y . The following conditions are equivalent:
(1) f maps Cauchy sequences of X to Cauchy sequences of Y ;
(2) f is strongly uniformly continuous on the d-totally bounded subsets of X;
(3) f is uniformly continuous on the d-totally bounded subsets of X.
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∀n ∈ N ∃{xn, bn} such that bn ∈ B,d(xn, bn) < 1n , and ρ(f (xn), f (bn)) ε. Since B is d-totally bounded, by passing
to a subsequence we can assume 〈bn〉 is Cauchy [31, p. 182]. Then, b1, x1, b2, x2, b3, . . . is a Cauchy sequence in X
whereas the image sequence f (b1), f (x1), f (b2), f (x2), f (b3), . . . is not Cauchy.
(2) ⇒ (3). This is trivial.
(3) ⇒ (1). Let 〈xn〉 be a Cauchy sequence in X. Then {xn: n ∈ N} is a totally bounded set, and so f is uniformly
continuous on {xn: n ∈ N}. By Lemma 4.8, 〈f (xn)〉 is a Cauchy sequence in Y . 
Theorem 4.12. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and suppose f ∈ YX preserves totally bounded sets. Then
f ∈ C(X,Y ) if and only if Bf has a closed base.
Proof. It is routine to show that if f is continuous and f |B is uniformly continuous, then f | cl(B) is also uniformly
continuous. Conversely, suppose f fails to be continuous at some p ∈ X. Take 〈xn〉 convergent to p and ε > 0 such that
∀n, ρ(f (xn), f (p)) > ε. Since f maps Cauchy sequences to sequences having a Cauchy subsequence, by Lemma 4.8
there exists an infinite subset N0 of N such that f restricted to {xn: n ∈ N0} is uniformly continuous. But f is not
uniformly continuous restricted to cl({xn: n ∈ N0}), as this contains p. 
Example 4.13. Let X = {0} ∪ { 1
n
: n ∈N} as a compact subspace of R with the usual metric. Define f :X → R by
f (x) =
{
n if x = 1
n
,
0 if x = 0.
While f is not globally continuous, here Bf = F has a closed base. Notice that f does not preserve totally bounded
sets.
Theorem 4.14. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and suppose f ∈ YX preserves totally bounded sets. The
following conditions are equivalent:
(1) Bf = P0(X);
(2) Bf =Bf ;
(3) Bf is an ideal of subsets of X.
Proof. (1) ⇒ (2) is obvious, and (2) ⇒ (3) follows from Proposition 4.1. For (3) ⇒ (1), we prove the contrapositive.
If global uniform continuity fails, then by Lemma 4.7, there exist sequences 〈xn〉 and 〈wn〉 in X with mutually distinct
terms such that for some ε > 0 and each n we have both
d(xn,wn) <
1
n
and ρ
(
f (xn), f (wn)
)
 ε.
By Theorem 4.9 there exists an infinite subset of N1 of N such that f restricted to {xn: n ∈ N1} is uniformly continu-
ous, and again by this result there exists an infinite subset N2 of N1 such that f restricted to {wn: n ∈ N2} is uniformly
continuous. Thus, while f restricted to both {xn: n ∈ N2} and {wn: n ∈ N2} is uniformly continuous, the restriction
of f to their union is not. 
Examples 4.5 and 4.6 show that Theorem 4.14 fails in different directions if f does not preserve totally bounded
sets.
In view of Proposition 4.10, we may state this important corollary.
Corollary 4.15. Let 〈X,d〉 be a complete metric space and 〈Y,ρ〉 be metric space, and let f ∈ C(X,Y ). The following
conditions are equivalent:
(1) f is globally uniformly continuous;
(2) Bf =Bf ;
(3) Bf is a bornology.
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Theorem 4.16. Let 〈X,d〉 be a metric space. The following conditions are equivalent:
(1) the metric d is complete;
(2) ∀f ∈ C(X,R) if Bf is a bornology, then f is uniformly continuous;
(3) ∀f ∈ C(X,R), if Bf = {E: f (E) is bounded}, then f is bounded.
Proof. (1) ⇒ (2). This follows from Corollary 4.15.
(2) ⇒ (3). This is immediate since {E: f (E) is bounded} is always a bornology.
(3) ⇒ (1). Suppose 〈X,d〉 is not a complete metric space. Take 〈xn〉 a Cauchy sequence in X without a cluster
point and let pˆ be the limit of the sequence in the completion 〈X̂, dˆ〉. Let f :X → R be the continuous function
defined by
f (x) = 1
dˆ(x, pˆ)
.
Then Bf = {B ⊆ X: dˆ(pˆ,B) > 0} consists of all B on which f is bounded. 
5. UC sets
Strong uniform continuity of a function f on a family B often forces strong uniform continuity on larger families.
For example, strong uniform continuity on F, i.e., global continuity, obviously forces strong uniform continuity on K.
But strong uniform continuity for a continuous function occurs on a bornology that is generally larger still. To describe
this bornology we introduce the measure of isolation functional I defined on X by I (x) = d(x,X − {x}).
Definition 5.1. A subset A ∈ P0(X) of a metric space 〈X,d〉 is called a UC set if whenever 〈an〉 is a sequence in A
with lim I (an) = 0, then 〈an〉 has a cluster point in X.
It is very well known [3,7] that each continuous function on 〈X,d〉 is uniformly continuous if and only if X itself
is a UC set. Evidently, the UC sets form a bornology containing the compact subsets which we will denote by Buc in
the sequel. By continuity of x → I (x), it is clear that A ∈ Buc ⇒ cl(A) ∈ Buc. Note that if A is a closed UC set, then
A is a UC set in 〈A,d〉 but not conversely (consider N as a metric subspace of R).
Theorem 5.2. Let A be a nonempty subset of a metric space 〈X,d〉. The following conditions are equivalent:
(1) A ∈ Buc;
(2) whenever 〈Y,ρ〉 is a metric space and f ∈ C(X,Y ), we have A ∈Bf ;
(3) whenever f ∈ C(X,R), we have A ∈Bf ;
(4) cl(A)∩X′ is compact, and ∀δ > 0 ∃λ > 0 such that a ∈ A \ (cl(A)∩X′)δ ⇒ I (a) > λ.
Proof. (1) ⇒ (2). Suppose f ∈ C(X,Y ) and A ∈Buc but A /∈ Bf . There exists ε > 0 and ∀n ∈ N, an ∈ A and xn ∈ X
with d(xn, an) < 1n but ρ(f (an), f (xn))  ε. Since lim I (an) = 0, there exists a subsequence 〈ank 〉 convergent to
some p ∈ X. But then 〈xnk 〉 also converges to p and continuity of f at p is violated.
(2) ⇒ (3). This is trivial.
(3) ⇒ (4). We show that if A fails to have either of the structural properties of (4), then we can find f ∈ C(X,R)
with A /∈Bf .
First, suppose (clA) ∩ X′ is not compact, and therefore, nonempty. Pick a sequence 〈pn〉 in (clA) ∩ X′ without
a cluster point and then ∀n ∈ N choose 0 < δn < 1n such that {Sδn(pn): n ∈ N} is a pairwise disjoint family of balls.
Since each pn is a limit point of X choose for each n, xn 	= an in Sδn(pn) with an ∈ A. By the Tietze extension theorem
∃f ∈ C(X,R) with f (xn) = 1 and f (an) = 0 for each n. By construction, {an: n ∈N} /∈Bf and so A /∈ Bf . Suppose
now that for some δ > 0 that
inf
{
I (a): a ∈ A \ (cl(A)∩X′)δ}= 0.
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Proceeding inductively suppose distinct a1, a2, a3, . . . , an, x1, x2, x3, . . . , xn have been chosen with the following
properties:
(i) ∀j  n,aj ∈ A \ (cl(A)∩X′)δ;
(ii) ∀j  n,0 < d(aj , xj ) < 1j .
Now partition {1,2,3, . . . , n} into E1 ∪E2 where
E1 = {j : xj ∈ X′} and E2 = {j : xj /∈ X′}.
Next pick an+1 ∈ A \ (cl(A)∩X′)δ with I (an+1) < 1n+1 and with
() I (an+1) < min
{
I (aj ): j  n
}∪ {I (xj ): j ∈ E2}.
Then we can choose xn+1 /∈ {xj : j ∈ E1} with 0 < d(an+1, xn+1) < I (an+1). Evidently, by (), xn+1 /∈ {aj : j  n} ∪
{xj : j ∈ E2}, and so a1, a2, a3, . . . , an+1, x1, x2, x3, . . . , xn+1 are distinct. This argument shows that we can produce
a sequence a1, x1, a2, x2, a3, x3, . . . with distinct terms such that ∀n, an ∈ A, d(xn, an) < 1n and d(an, cl(A)∩X′) δ.
Now each cluster point of 〈an〉 must lie in cl(A) ∩ X′, so there can be no cluster point because the sequence is not
near cl(A)∩X′. As a result, 〈xn〉 can have no cluster point either. Again by Tietze, ∃f ∈ C(X,R) with f (xn) = 1 and
f (an) = 0 for each n and as such A /∈Bf .
(4) ⇒ (1). Suppose condition (4) holds and 〈an〉 is a sequence in A with lim I (an) = 0. We immediately see that
cl(A) ∩ X′ 	= ∅, else inf{I (a): a ∈ A} > 0 because the formula A = A \ (cl(A) ∩ X′)δ would hold for each δ > 0.
Condition (4) also ensures that ∀δ > 0 eventually an ∈ (cl(A) ∩ X′)δ . If follows from the compactness of cl(A) ∩ X′
that 〈an〉 has a cluster point. 
Corollary 5.3. In each metric space 〈X,d〉, Buc =⋂{Bf : f ∈ C(X,R)}.
Before moving on, we list some characterizations of closed UC sets in the following proposition. The proof is left
to the interested reader. We mentioned that sets in a metric space to which the restriction of each globally defined
continuous function is uniformly continuous have been studied in [26].
Proposition 5.4. Let 〈X,d〉 be a metric space and let A ⊆ X be nonempty. The following are equivalent:
(1) A is closed and A ∈Buc;
(2) whenever 〈an〉 is a sequence in A with lim I (an) = 0, then 〈an〉 has a cluster point in A;
(3) the restriction of each continuous function on X to A is uniformly continuous, and whenever F is closed and
F ∩A = ∅, then Dd(F,A) > 0;
(4) A∩X′ is compact and ∀δ > 0 ∃λ > 0 such that whenever a ∈ A and d(a,A∩X′) > δ, we have I (a) > λ.
6. Function spaces
Given a continuous function f from 〈X,d〉 to 〈Y,ρ〉 and a net 〈fλ〉λ∈Λ in C(X,Y ) pointwise convergent to f ,
the family of sets on which the convergence is uniform is easily seen to be a bornology with closed base. With this
in mind, suppose B is a bornology with closed base on X. The classical uniformity for the topology TB of uniform
convergence on B for C(X,Y ) has as a base for its entourages all sets of the form
[B; ε] := {(f, g): ∀x ∈ B, ρ(f (x), g(x))< ε} (B ∈B, ε > 0).
When B = F, we get the standard uniformity for the topology of pointwise convergence; when B = K, we get the
standard uniformity for the topology of uniform convergence on compacta; when B = P0(X), we get the standard
uniformity for the topology of uniform convergence on X.
These uniformities make sense on YX as well. As we all know, the pointwise limit of a sequence of continuous
functions need not be continuous. Put differently, strong uniform continuity on F is not in general preserved by
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required to preserve strong uniform continuity on B.
Definition 6.1. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a bornology with closed base on X. Then the
topology of strong uniform convergence TsB on B is determined by a uniformity on YX having as a base all sets of the
form
[B; ε]s := {(f, g): ∃δ > 0 ∀x ∈ Bδ, ρ(f (x), g(x))< ε} (B ∈ B, ε > 0).
Note that ∀B ∈ B ∀ε > 0, [B; ε]s ⊆ [B; ε] so that the latter uniformity is finer than the former. The coarsest such
topology is TsF and as this is finer than the topology of pointwise convergence TF , each such topology is Hausdorff
and hence Tychonoff.
Our next result describes when these topologies and their defining uniformities coincide.
Theorem 6.2. Let B be a bornology with closed base on a metric space 〈X,d〉. The following conditions are equiva-
lent:
(1) B is stable under small enlargements;
(2) for each metric space 〈Y,ρ〉, the standard uniformities for TsB and TB agree on YX ;
(3) for each metric space 〈Y,ρ〉, TsB = TB on YX ;
(4) for some metric space 〈Y,ρ〉, TsB = TB on YX .
Proof. The proof of (1) ⇒ (2) is routine and the implications (2) ⇒ (3) and (3) ⇒ (4) are trivial. For (4) ⇒ (1),
suppose B0 ∈ B but the bornology contains no enlargement of B0. For each superset B of B0 in the bornology and
each n ∈ N, choose xB,n with d(xB,n,B0) < 1/n but xB,n /∈ B , and put EB = {xB,n: n ∈ N}. Pick y1 	= y2 in Y . For
each such B , define fB ∈ YX by
fB(x) =
{
y1 if x ∈ EB,
y2 otherwise.
Directing {B ∈ B: B0 ⊆ B} by inclusion, the net B → fB is TB-convergent to the constant function f ≡ y2, but
fails to be TsB-convergent, as pathology occurs near B0. 
Here is one consequence of Theorem 6.2: if X is locally compact, then the topology of uniform convergence on
compacta contains the topology of strong uniform convergence on F, whatever the target space Y may be. Conversely,
using the proof (4) ⇒ (1) in Theorem 6.2, one can easily show that if the inclusion holds for the topologies, then X
must be locally compact. We remark that condition (4) of Theorem 6.2 cannot be replaced by (4′): For each metric
space 〈Y,ρ〉, TsB = TB on C(X,Y ). For example, if X is not locally compact, then TsK = TK on the continuous
functions (see Corollary 6.6 infra).
We now write CB(X,Y ) for the functions uniformly continuous on the bornology B and CsB(X,Y ) for the func-
tions that are strongly uniformly continuous on B. We always have CsB(X,Y ) ⊆ CB(X,Y )∩C(X,Y ), and whenever
K⊆B, we have CB(X,Y ) ⊆ C(X,Y ).
Proposition 6.3. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a bornology with closed base on X. Then
CsB(X,Y ) is closed in Y
X equipped with TsB.
Proof. We show the complement is open. So suppose f ∈ YX fails to be strongly uniformly continuous on some
B ∈ B. Choose ε > 0 such that ∀n ∃{xn,wn} ⊆ B 1n with d(xn,wn) < 1n but ρ(f (xn), f (wn)) 3ε. But then (f, g) ∈[B; ε]s yields ρ(g(xn), g(wn)) ε for all n sufficiently large, and so g is not strongly uniformly continuous on B. 
While the pointwise limit of continuous functions need not be continuous, the strong pointwise limit must be.
Corollary 6.4. C(X,Y ) is closed in YX equipped with Ts .F
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Proposition 6.5. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a bornology on X with closed base. Then
on CsB(X,Y ), T
s
B = TB.
Proof. We actually show that the defining uniformities agree. It suffices to show for each B ∈ B and for each ε > 0,
we have[
B; ε
3
]
⊆ [B; ε]s .
Suppose (f, g) ∈ [B; ε3 ]. By strong uniform continuity of f,g on B , there exists δ > 0 such that if {x,w} ⊆ Bδ
and d(x,w) < δ, then both ρ(f (x), f (w)) < ε3 and ρ(g(x), g(w)) <
ε
3 . By the definition of [B; ε3 ], ∀x ∈ B ,
ρ(f (x), g(x)) < ε3 . It now follows that ∀x ∈ Bδ , ρ(f (x), g(x)) < ε and so (f, g) ∈ [B; ε]s . 
In view of Theorem 5.2, we obtain
Corollary 6.6. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces, and let B be a bornology consisting of UC sets. Then on
C(X,Y), TsB = TB. In particular, this holds when B = F or when B=K.
Putting together Propositions 6.3 and 6.5, we see that for metric spaces 〈X,d〉 and 〈Y,ρ〉 where X is equipped with
a bornology B with closed base, there is a completely regular Hausdorff topology T on YX for which CsB(X,Y ) is T-
closed that has a compatible uniformity that reduces to the standard uniformity for TB when restricted to CsB(X,Y ).
The heart of the matter can be stated much less technically as follows.
Theorem 6.7. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces, and let B be a bornology on X with closed base. Suppose 〈fλ〉
is a net in CsB(X,Y ) that is TB-convergent to f ∈ YX . The following conditions are equivalent:
(1) f ∈ CsB(X,Y );(2) 〈fλ〉 is TsB-convergent to f .
Applying Theorem 6.7 to B = F we obtain a result that resolves a fundamental conundrum of analysis: what
precisely must be added to pointwise convergence to preserve continuity?
Corollary 6.8. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces. Suppose 〈fλ〉 is a net in C(X,Y ) that is pointwise convergent
to f ∈ YX . The following conditions are equivalent:
(1) f ∈ C(X,Y );
(2) 〈fλ〉 is TsF-convergent to f .
Before continuing in another direction, we note that necessary and sufficient conditions of a very different flavor
in the case X is compact have been displayed by Di Concilio and Naimpally [16, Theorem 4.4].
We now look at oscillation Ω(f,B) as a function of the first argument, with B ∈ B held fixed. Equipping YX
with the topology of strong uniform convergence on B, in view of Theorem 4.3 we might expect Ω(·,B) to be upper
semicontinuous. But more is true.
Theorem 6.9. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces, and let B be a bornology on X with closed base. Then for each
B ∈ B, f → Ω(f,B) is a continuous extended real-valued function on 〈YX,TsB〉.
Proof. We deal with upper semicontinuity first. Fix f ∈ YX . If Ω(f,B) = ∞, then Ω(·,B) is automatically u.s.c.
at f . Otherwise, suppose Ω(f,B) < α ∈R and put ε = α −Ω(f,B). Now consider this TsB-neighborhood of f :
W :=
{
g ∈ YX: (f, g) ∈
[
B; ε
]s}
.4
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(i) ∀x ∈ B1/n, ρ(f (x), g(x)) < ε4 , and(ii) Ωn(f,B) <Ω(f,B)+ ε4 .
Then if {x,w} ⊆ B1/n and d(x,w) < 1
n
, the triangle inequality yields
ρ
(
g(x), g(w)
)
<Ω(f,B)+ 3ε
4
,
from which we obtain
Ω(g,B)Ωn(g,B)Ω(f,B)+ 3ε4 < α.
For lower semicontinuity of Ω(·,B) at f , there is nothing to show if Ω(f,B) = 0. Otherwise, take α ∈
(0,Ω(f,B)) and choose ε > 0 with α + 3ε < Ω(f,B). Suppose g ∈ YX satisfies (f, g) ∈ [B; ε]s . Then for some
k ∈N and ∀x ∈ C1/k we have ρ(g(x), f (x)) < ε. It follows that ∀n k we have
Ωn(g,B)Ωn(f,B)− 2ε,
with the understanding that ∞ − 2ε = ∞. Taking limits we get
Ω(g,B)Ω(f,B)− 2ε.
We conclude that Ω(g,B) > α as required. 
In view of Theorem 4.3, we obtain this immediate consequence.
Corollary 6.10. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces, and let B be a bornology on X with closed base. Then for
each B ∈B,{
f ∈ YX: f is strongly uniformly continuous on B}
is a closed Gδ-subset of 〈YX,TsB〉.
Corollary 6.11. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces, and let B be a bornology on X with closed base. Then for
each x ∈ X,{
f ∈ YX: f is continuous at x}
is a closed Gδ-subset of 〈YX,TsB〉.
The next example shows that Theorem 6.9 fails if TsB is replaced by TB.
Example 6.12. Let X = [0,1] as a metric subspace of R and let f :X → R be defined by
fn(x) =
{
1 if x = 1
k
for some k  n,
0 otherwise.
Obviously, 〈fn〉 converges pointwise to the zero function f , that is, f = TF-limfn. But ∀n, Ω(fn, {0}) =
ω(fn,0) = 1 whereas Ω(f, {0}) = ω(f,0) = 0, and so Ω(·, {0}) fails to be u.s.c.. The functional Ω(·, {0}) is not
l.s.c. either: take any sequence of continuous functions on [0,1] that is pointwise convergent to a function that has a
discontinuity at the origin.
In view of Theorem 4.3, one is led to ask: is
Ω :
〈
YX,TsB
〉× 〈P0(X),Hd 〉→ [0,∞]
jointly upper semicontinuous at each B ∈B and f ∈ YX? This can fail even if we replace YX by Cs (X,Y ).B
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wnk = 1
n+ 1 + 2
−kλn.
Our metric space X will be this metric subspace of R: {0} ∪ {wnk: n ∈ N, k ∈ N}. As the only limit point of X is the
origin, ∀n ∈N, fn :X →R defined by
fn(x) =
{
1 if x = wnk for some k odd,
0 otherwise
is globally continuous. Evidently, 〈fn〉 converges pointwise to the zero function f , and so by Corollary 6.6,
f = TsF-limfn. Put Cn = {x ∈ X: x  1n }; clearly, {0} = Hd -limCn. But ∀n ∈ N, Ω(fn,Cn) = 1 because{wnk: k ∈N} ⊆ Cn whereas Ω(f, {0}) = 0.
We state a positive result for joint upper semicontinuity whose proof is left to the reader.
Proposition 6.14. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces, and let B be a bornology on X with closed base. Suppose
B ∈ B has some enlargement that lies in B. Then (g,A) → Ω(g,A) is jointly upper semicontinuous at (f,B) for
each f ∈ YX .
We remark that the above proposition remains valid if we replace TsB by the weaker TB (see Theorem 6.2 supra).
As an alternative to our definition of the oscillation of f at B , we could follow this more classical program: ∀n ∈ N,
put
Vn(f,B) := sup
{
ρ
(
f (x), f (w)
)
: {x,w} ⊆ B and d(x,w) < 1
n
}
,
and then write V (f,B) = infn Vn(f,B). For each x ∈ X, this results in V (f, {x}) = 0 whatever f may be, and this
definition does not extend ordinary oscillation from points to sets. The following facts are easily verified:
(i) A ∈Bf if and only if V (f,A) = 0;
(ii) ∀B ∈ B, f → V (f,B) is continuous on 〈YX,TB〉;
(iii) ∀B ∈ B, {f ∈ YX: V (f,B) = 0} is a Gδ-subset of 〈YX,TB〉.
On the other hand, for fixed f ∈ YX , Example 4.4 shows that A → V (f,A) may not be Hd -u.s.c. on P0(X).
Both results and counterexamples when B ∈ {F,K,P0(X)} tend to be facile and perhaps not representative of the
richness of the theory. In view of this, we next present an example of more substance that gives a sequence of functions
in CB(X,R) that is TB-convergent to a function in CsB(X,R) but that is not T
s
B-convergent.
Example 6.15. Consider X := (N× {0}) ∪ {(n, 1
n
): n ∈ N} as a subspace of R2 with the usual metric, equipped with
the bornology B consisting of all sets of the form A ∪ F where A ⊆ N× {0} and F ∈ F. Since each member of B is
uniformly discrete, each function on X is uniformly continuous on B. Let f denote the zero function on X, and let
fn be the characteristic function of {(k, 1k ): k  n}. For each B ∈ B eventually fn|B ≡ 0, and so f = TB-limfn. But
f 	= TsB-limfn, because with B =N× {0}, for each δ > 0, we have for k > max{ 1δ , n}
sup
{∣∣fn(x)− f (x)∣∣: x ∈ Bδ}=
∣∣∣∣fn
(
k,
1
k
)
− f
(
k,
1
k
)∣∣∣∣= 1 (n ∈N).
We note that the bornology in Example 6.15 is a principal bornology as considered in [10]. The next result describes
what we must add to TB convergence to obtain TsB convergence, provided the limit function is strongly uniformly
continuous on B. It also describes such convergence in terms of gap functionals; the cognoscenti will recognize that
this description can be rephrased in terms of upper proximal graph topologies (see, e.g., [18]).
To this end we work with a natural bornology on X × Y induced by a bornology B on X:
B̂ := {C ⊆ X × Y : πX(C) ∈ B}.
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projection onto B.
Theorem 6.16. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a bornology on X with closed base. Let 〈fλ〉λ∈Λ
be a net in YX and suppose f ∈ CsB(X,Y ). The following conditions are equivalent:
(1) f = TsB-limfλ;(2) f = TB-limfλ and ∀B ∈ B, limλ Ω(fλ,B) = 0;
(3) whenever C ∈ B̂, then Dd×ρ(G(f ),C) > 0 ⇒ Dd×ρ(G(fλ),C) > 0 eventually.
Proof. (1) ⇒(2). This follows immediately from Theorems 4.3 and 6.9.
(2) ⇒ (3). Suppose πX(C) ∈ B and Dd×ρ(G(f ),C) > ε > 0. By condition (2) we can find an index λ1 and for
each λ λ1, δλ ∈ (0, ε3 ) such that
(i) supb∈πX(C) ρ(fλ(b), f (b)) < ε3 (λ λ1), and(ii) b ∈ πX(C) and d(b, x) < δλ ⇒ ρ(fλ(b), fλ(x)) < ε3 .
Now fix x with d(x,πX(C)) < δλ, and choose b ∈ πX(C) with d(b, x) < δλ. Using (i) and (ii) we compute
(d × ρ)((x,fλ(x)), (b,f (b)))< 2ε3 ,
and so (d × ρ)((x, fλ(x)),C) > ε3 . On the other hand, if d(x,πX(C)) δλ, then
(d × ρ)((x,fλ(x)),C) d(x,πX(C)) δλ.
Combining these estimates, we get
Dd×ρ
(
G(fλ),C
)
> min
{
ε
3
, δλ
}
> 0 (λ λ1).
(3) ⇒ (1). Suppose f 	= TsB-limfλ. Then for some B ∈ B and ε > 0, we can find for each λ in a cofinal set of
indices Λ0 and for each n ∈ N, xλ,n with d(xλ,n,B) < 1n but ρ(fλ(xλ,n), f (xλ,n))  ε. Choose by strong uniform
continuity δ ∈ (0, ε3 ) such that b ∈ B and d(b, x) < δ ⇒ ρ(f (b), f (x)) < ε3 . Now whenever 1n < δ pick bλ,n ∈ B with
d(xλ,n, bλ,n) <
1
n
. For all such n and λ ∈ Λ0 we get ρ(fλ(xλ,n), f (bλ,n)) > 2ε3 . Define C ∈ B̂ as follows:
C := (B × Y) \
{
(b, y): b ∈ B and ρ(f (b), y)< 2ε
3
}
.
Now whenever 1
n
< δ we have (bλ,n, fλ(xλ,n)) ∈ C. Since
(d × ρ)((xλ,n, fλ(xλ,n)), (bλ,n, fλ(xλ,n)))= d(bλ,n, xλ,n) < 1
n
,
it follows that ∀λ ∈ Λ0,Dd×ρ(G(fλ),C) = 0.
To show that condition (3) fails, we intend to verify that there is a positive gap between G(f ) and C. We
show that the gap is at least δ. Suppose to the contrary that for some (x,f (x)) and some (b, y) ∈ C we have
(d × ρ)((x, f (x)), (b, y)) < δ. As d(x, b) < δ, we have ρ(f (x), f (b)) < ε3 , and so
ρ
(
y,f (b)
)
 ρ
(
y,f (x)
)+ ρ(f (x), f (b))< δ + ε
3
<
2ε
3
.
This contradicts (b, y) ∈ C. 
Notice that Proposition 6.5 falls out of Theorem 4.3 and the equivalence of conditions (1) and (2) of Theorem 6.16.
To better appreciate condition (3) of Theorem 6.16, let us return to Example 6.15. Take C = (N × {0}) × {1} ⊆
X ×R; note πX(C) =N× {0} ∈ B. While Dd×ρ(G(f ),C) = 1, for each n we have Dd×ρ(G(fn),C) = 0.
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convergent to f if and only if it is pointwise convergent and ∀x ∈ X, limλ ω(fλ, x) = 0.
While TB-convergence to a strongly uniformly continuous limit does not ensure TsB-convergence, it can be nicely
described in terms of “upper bornological convergence” of graphs as considered in [25].
Theorem 6.18. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a bornology on X with closed base. Equip X × Y
with the box metric. Let 〈fλ〉λ∈Λ be a net in YX and suppose f ∈ CsB(X,Y ). Then f = TB-limfλ if and only if for
each C ∈ B̂ and for each ε > 0, eventually G(fλ)∩C ⊆ G(f )ε .
Proof. Necessity is rather obvious and requires no assumption on the limit function. Fix C ∈ B̂ and ε > 0. Put
B = πX(C) and choose an index λ0 ∈ Λ such that λ  λ0 ⇒ sup{ρ(f (x), fλ(x)): x ∈ B} < ε. Then if λ  λ0 and
(x, fλ(x)) ∈ G(fλ)∩ (B × Y) we have
(d × ρ)((x,fλ(x)),G(f )) (d × ρ)((x,fλ(x)), (x,f (x)))< ε
and so G(fλ)∩C ⊆ G(fλ)∩ (B × Y) ⊆ G(f )ε .
For sufficiency, again fix B ∈ B and ε > 0 and choose δ ∈ (0, ε2 ) such that
{x,w} ⊆ Bδ and d(x,w) < δ ⇒ ρ(f (x), f (w))< ε
2
.
Now choose λ0 ∈ Λ such that λ  λ0 ⇒ G(fλ) ∩ (B × Y) ⊆ G(f )δ . Let x ∈ B and λ  λ0 be arbitrary; choose
(w,f (w)) ∈ G(f ) with both
d(w,x) < δ and ρ
(
f (w),fλ(x)
)
< δ.
Since {x,w} ⊆ Bδ , we get ρ(f (x), f (w)) < ε2 , so by the triangle inequality, we get ρ(f (x), fλ(x)) < ε, giving strong
uniform convergence of 〈fλ〉λ∈Λ to f on B . 
We note that with no assumptions on the limit function, uniform convergence on B obviously guarantees that for
each B̂ ∈ B̂ and for each ε > 0, eventually both G(fλ) ∩ B̂ ⊆ G(f )ε and G(f ) ∩ B̂ ⊆ G(fλ)ε . This means that
we get two-sided bornological convergence of graphs with respect to B̂. Two-sided bornological graph convergence
has been studied by Brandi, Ceppitelli and Hola [13,14] when the bornology on 〈X,d〉 is either K or the bornology
of d-bounded subsets of X. In fact, they proceed more generally, considering partial functions in their analysis.
To end this section, we present a rather striking negative result that complements Example 6.15.
Proposition 6.19. Let 〈X,d〉 be a metric space and let B be a bornology on X with closed base. Suppose f :X → R
is uniformly continuous on B but not strongly uniformly continuous on B. Then there exists a net 〈fλ〉λ∈Λ in C(X,R)
that is TB-convergent but not TsB-convergent to f .
Proof. Pick B0 ∈ B on which f fails to be strongly uniformly continuous. For some α > 0, we can choose for each
n ∈ N, bn ∈ B0 and xn ∈ X with d(bn, xn) < 1n but |f (xn) − f (bn)|  α. Let our index set for our net be Λ :={B ∈B: B is closed and B0 ⊆ B}. For the moment fix B ∈ Λ; since f |B is uniformly continuous, SB := {xk: xk /∈ B}
is an infinite set. Further, by the continuity of f , SB has no limit points in X. Since B and SB are closed sets, by the
Tietze extension theorem ∃fB ∈ C(X,R) such that
(i) ∀x ∈ B , fB(x) = f (x);
(ii) ∀xk ∈ SB,fB(xk) = f (bk).
We intend to show that 〈fB〉B∈Λ is a net with the desired properties.
First, let B1 ∈ B and ε > 0 be arbitrary. Choose B2 ∈ Λ with B1 ⊆ B2. Then whenever B ∈ Λ and B2 ⊆ B , we
have fB |B1 = f |B1. As a result,
B2 ⊆ B ⇒ (fB,f ) ∈ [B1; ε]
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contain any term of the net. To see this, let B ∈ Λ and let δ > 0 be arbitrary. We can pick xk ∈ SB with d(xk,B0)
d(xk, bk) < δ. Since∣∣f (xk)− fB(xk)∣∣= ∣∣f (xk)− f (bk)∣∣ α,
it follows that (fB,f ) /∈ [B0;α]s , and so 〈fB〉B∈Λ fails to TsB-converge to f . 
7. Analogs of some classical function space results
The remainder of this paper is dedicated to establishing some anticipated properties of TsB on C(X,Y ) in light
of classical function space theory as developed by Fox, Arens, Dugundji and their contemporaries. Our treatment is
deliberately less detailed here and is not intended to be exhaustive. Our first result, for example, has as a consequence
a celebrated result of Arens [1] asserting the equivalence of metrizability of the topology of uniform convergence on
compacta and hemicompactness of X.
Theorem 7.1. Let 〈X,d〉 be a metric space and let B be a bornology on X with closed base. The following conditions
are equivalent:
(1) the bornology B has a countable cofinal subset with respect to inclusion;
(2) for each metric space 〈Y,ρ〉, TsB on C(X,Y ) is metrizable;(3) for each metric space 〈Y,ρ〉, TsB on C(X,Y ) is first countable;(4) the space 〈C(X,R),TsB〉 has a countable local base at some f ∈ C(X,R).
Proof. As the implications (2) ⇒ (3) and (3) ⇒ (4) require no proof, we just argue (1) ⇒ (2) and (4) ⇒ (1).
(1) ⇒ (2). Let {Bk: k ∈ N} be a countable subfamily of the bornology B such that ∀B ∈B ∃Bk with B ⊆ Bk . Then
a countable family of entourages that forms a base for the defining uniformity is {[Bk; 1n ]s : (k, n) ∈ N × N}, which
gives pseudo-metrizability of TsB on C(X,Y ). As the defining uniformity is separated, we get metrizability.(4) ⇒ (1). Suppose TsB has a countable local base at f ∈ C(X,R). Then since {[B; ε]s(f ): B ∈ B, ε > 0} is a
local base for the topology at f , and B is closed under finite unions and has a closed base, we can find an increasing
sequence of closed sets 〈Bk〉 in B such that {[Bk; 1k ]s(f ): k ∈ N} forms a local base at f . We of course claim{Bk: k ∈N} is cofinal in B.
If this is not the case, ∃B ∈ B such that ∀k, B \Bk 	= ∅. For each k pick xk ∈ B \Bk and write
δk = 12d(xk,Bk) > 0 (k ∈ N).
Since xk /∈ cl(Bδk ), by the Tietze extension theorem for each k there exists fk ∈ C(X,R) with the following two
properties:
(1) ∀x ∈ X, d(x,Bk) < δk ⇒ fk(x) = f (x), and
(2) fk(xk) = f (xk)+ 1.
Then ∀k ∈ N, we have for all n k, (fn, f ) ∈ [Bk; 1k ]s as fn agrees with f in some enlargement of Bn and Bk ⊆ Bn.
Yet 〈fk〉 fails to even TB converge to f , since
sup
b∈B
∣∣f (b)− fk(b)∣∣ ∣∣f (xk)− fk(xk)∣∣= 1 (k ∈N),
so that 〈fk〉 when restricted to B does not converge uniformly to f . 
We can easily display a compatible metric for the metrizable space 〈C(X,Y ),TsB〉 in terms of a countable cofinal
subset {Bk: k ∈ N} for the bornology. For each positive integer k we form an extended real-valued pseudometric d˜k
on C(X,Y ) that gives the infimum of the uniform distances between functions restricted to enlargements of Bk :
d˜k(f, g) := inf
δ>0
sup
δ
ρ
(
f (x), g(x)
) (
f,g ∈ C(X,Y )).x∈B
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d˜(f, g) =
∞∑
k=1
2−k min
{
1, d˜k(f, g)
}
is a bona fide metric on C(X,Y ), and it is left to the reader to check that this metric does the job. We also note that for
{f,g} ⊆ CsB(X,Y ), we have ∀k ∈ N, d˜k(f, g) = supx∈Bk ρ(f (x), g(x)) so that the metric d˜ coincides with the usual
metric for uniform convergence on B when restricted to the functions strongly uniformly continuous on B.
Returning to a general bornology with closed base, with respect to 〈C(X,R),TsB〉 it is clear that the assignment
(f, g) → f + g is jointly continuous, whereas
(α, g) → αg, (f, g) → fg
may not be (let X = R and let B = P0(X)). However, joint continuity is obtained if we restrict our attention to the
vector subspace of C(X,R),{
f ∈ C(X,R): ∀B ∈B, f is bounded in some enlargement of B}.
In this case we actually get a locally convex space determined by the family of (continuous) seminorms
pB(f ) := inf
δ>0
{
sup
x∈Bδ
∣∣f (x)∣∣} (B ∈B).
Recall that a net of continuous functions 〈fλ〉λ∈Λ defined on a metric space 〈X,d〉 with values in a metric space
〈Y,ρ〉 is said to converge continuously [28] to f ∈ C(X,Y ) provided ∀x0 ∈ X, whenever 〈xγ 〉γ∈Γ is convergent to x0,
then 〈fλ(xγ )〉 is convergent to f (x0). A topology T on C(X,Y ) is called splitting (respectively conjoining) provided
that continuous convergence guarantees (respectively is guaranteed by) T-convergence.
We recall these easily proved facts [19,20,28]:
(1) each conjoining topology is finer than each splitting one;
(2) a topology T is conjoining if and only if the evaluation map e : 〈C(X,Y ),T〉〈X,d〉 → 〈Y,ρ〉 defined by e(f, x) =
f (x) is continuous;
(3) a topology finer than a conjoining one is conjoining;
(4) a topology coarser than a splitting one is splitting;
(5) the topology of uniform convergence on K is always splitting.
Our next result may be regarded as a refinement of a classical result of Arens and Dugundji [2]: the topology
of uniform convergence on K is conjoining if and only if X is locally compact. It also yields as another known
consequence that the topology of pointwise convergence on C(X,Y ) is conjoining if and only if the topology of X is
discrete.
Theorem 7.2. Let B be a bornology with closed base on a metric space 〈X,d〉. The following conditions are equiva-
lent:
(1) the bornology B is local;
(2) for each metric space 〈Y,ρ〉, TB is conjoining on C(X,Y );
(3) for each metric space 〈Y,ρ〉, TsB is conjoining on C(X,Y );(4) TsB is conjoining on C(X,R).
Proof. (1) ⇒ (2). This implication is well known. Suppose B is local. Fix x0 ∈ X,f0 ∈ C(X,Y ), and ε > 0. Choose
B ∈ B and δ > 0 such that x0 ∈ Sδ(x0) ⊆ B and if d(x, x0) < δ, then ρ(f0(x), f0(x0)) < ε2 . It now follows that
(f, x) ∈
[
B; ε
2
]
(f0)× Sδ(x0) ⇒ ρ
(
f (x), f0(x0)
)
< ε.
We have shown that the evaluation map is continuous, and so the topology is conjoining.
(2) ⇒ (3). A topology finer than a conjoining one is conjoining.
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(4) ⇒ (1). Suppose B is not local, i.e., for some x0, no element of B contains a neighborhood of x0. We produce a
net convergent in TsB to the zero function but that fails to be continuously convergent. Set B0 := {B ∈B: B is closed}.
For each B ∈B0 and for each n ∈ N pick xB,n in S 1
n
(x0)−B and set
δ(B,n) = 1
2
d(xB,n,B)
Now by Urysohn’s Lemma we can find a continuous real function fB,n mapping the enlargement Bδ(B,n) to zero and
xB,n to one. Direct B0 ×N by
(B1, n1) (B2, n2) provided B1 ⊆ B2 and n1  n2.
Let f be the zero function and let [B1; ε]s be an entourage for the topology of strong uniform convergence on B.
We claim [B1; ε]s(f ) contains the net 〈fB,n〉 eventually. Suppose (cl(B1),1)  (B,n). Then fB,n is zero on some
enlargement of B and hence on some enlargement of B1 which establishes the claim. On the other hand 〈xB,n〉
converges to x0 and so the topology fails to be conjoining. 
It is very well known that TK reduces to TF on each pointwise equicontinuous family of functions from 〈X,d〉
to 〈Y,ρ〉 (see, e.g., [31, p. 286]). Our final proposition gives a reduction result for topologies of strong uniform
convergence that yields this classical result as a corollary.
Definition 7.3. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a bornology on X with closed base. We say that a
family {fi : i ∈ I } of functions from X to Y is strongly equicontinuous on B if for each B ∈ B and each ε > 0, there
exists δ > 0 such that for each i ∈ I , whenever b ∈ B and d(x, b) < δ, then ρ(fi(x), fi(b)) < ε.
Recall that a subset D of 〈X,d〉 is called uniformly discrete [7, p. 36] if for some positive δ, we have d(x,w) δ for
distinct x,w in D. A finite union of uniformly discrete sets need not be uniformly discrete (for a concrete description
of such sets, see [10, Proposition 3.8]). As in [10], given a bornology B, denote by Bsmall the bornology consisting of
those elements of B that are finite unions of uniformly discrete sets.
Proposition 7.4. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let B be a bornology on X with closed base. Let {fi : i ∈ I }
be a family of functions from X to Y that is strongly equicontinuous on the bornology. Then TsB reduces to TBsmall
on {fi : i ∈ I }.
Proof. First notice that TBsmall ⊆ TB ⊆ TsB with no assumptions. On the other hand, let g0 ∈ {fi : i ∈ I }, B ∈ B, and
ε > 0 be arbitrary. We produce a relative TBsmall -neighborhood of g0 contained in {g: (g, g0) ∈ [B; ε]s}. Choose δ > 0
such that ∀i ∈ I , ∀b ∈ B , ∀x ∈ X, d(x, b) < δ ⇒ ρ(fi(x), fi(b)) < ε/3. By Zorn’s Lemma there exists D ⊆ B such
that (i) x1 ∈ D and x2 ∈ D and x1 	= x2 ⇒ d(x1, x2) δ/2, and (ii) B ⊆ Dδ/2. Suppose g ∈ {fi : i ∈ I } and
sup
x∈D
ρ
(
g(x), g0(x)
)
<
ε
3
.
Then if w ∈ Bδ/2, ∃x ∈ D with d(w,x) < δ, and it follows that ρ(g(w), g0(w)) < ε. This shows that (g, g0) ∈ [B; ε]s
as required. 
Corollary 7.5. Let 〈X,d〉 and 〈Y,ρ〉 be metric spaces and let {fi : i ∈ I } ⊆ C(X,Y ) be a pointwise equicontinuous
family. Then TK reduces to TF on the family.
Proof. By Corollary 6.6, TK = TsK on C(X,Y ) and thus on {fi : i ∈ I }. Clearly, Ksmall = F and each pointwise
equicontinuous family is strongly equicontinuous on K. Apply Proposition 7.4 to obtain this classical result. 
In closing we give some justification for our notation Bsmall. Given a bornology B on X, consider those subsets
B∗ of X that can be approximated from the inside by members of B in Hausdorff distance. Thus, for example if
B = K or F, then B∗ consists of the d-totally bounded subsets of X. The bornology Bsmall turns out to be the
G. Beer, S. Levi / J. Math. Anal. Appl. 350 (2009) 568–589 589smallest bornology A for which A∗ = B∗ [10, Theorem 3.5] and in particular is contained in each bornology A for
which A∗ = B∗. Actually, the family of bornologies that produce B∗ in this way forms a complete lattice. What is
interesting is that B∗ need not be a bornology [10,25]! Presenting necessary and sufficient conditions for this to occur
may be viewed as a point of departure for [10].
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